The weak selection approximation of population genetics has made possible the analysis of social evolution under a considerable variety of biological scenarios. Despite its extensive usage, the accuracy of weak selection in predicting the emergence of altruism under limited dispersal when selection intensity increases remains unclear. Here, we derive the condition for the spread of an altruistic mutant in the infinite island model of dispersal under a Moran reproductive process and arbitrary strength of selection. The simplicity of the model allows us to compare weak and strong selection regimes analytically. Our results demonstrate that the weak selection approximation is robust to moderate increases in selection intensity and therefore provides a good approximation to understand the invasion of altruism in spatially structured population. In particular, we find that the weak selection approximation is excellent even if selection is very strong, when either migration is much stronger than selection or when patches are large. Importantly, we emphasize that the weak selection approximation provides the ideal condition for the invasion of altruism, and increasing selection intensity will impede the emergence of altruism. We discuss that this should also hold for more complicated life cycles and for culturally transmitted altruism. Using the weak selection approximation is therefore unlikely to miss out on any demographic scenario that lead to the evolution of altruism under limited dispersal.
Introduction
Since Eshel (1972) 's seminal paper, mathematical modelling of the spread of alleles coding for altruistic behaviours in patch structured populations under limited dispersal has been the focus of intense research (see Frank, 1998 and for general accounts). In spite of a rich literature and significant progress in this domain, characterizing the invasion condition of altruism under general demographic scenarios for arbitrary strengths of selection remains difficult, principally due to the frequency-dependent nature of selection on social behaviours. Deriving the invasion condition for an altruistic mutant allele requires taking into account the interplay between selection and local genetic drift on the local fluctuations of allele frequencies. This in turn requires tracking the distribution of mutant alleles within and across patches. The difficulty of this task means that studies so far have relied on simplifying assumptions to reach interpretable results.
Early work on the evolution of alleles coding for altruism in spatially structured population (Eshel, 1972; Aoki, 1982; Motro, 1982) is based on the classical island model of dispersal (Wright, 1931) , with constant population size and haploid Wright-Fisher reproduction. Owing to the simplicity of their demographic assumptions, these studies were able to derive the recursion equations that describe the full distribution of allele frequencies in the population across generations under arbitrary strength of selection and thus characterize the kinship structure conducive to altruism. This allowed to gain insight into the spread of altruistic mutants when rare, and their stability when frequent, albeit in a qualitative manner because the mutant distribution for the exact process could not be determined. Generalizing this approach to take into account even the most basic biological features, such as diploidy or dioecy, has proven even more challenging. The resulting dynamical systems rapidly become intractable, and its complexity has notably led to confusions about the selection pressure on dispersal (Frank, 1998, pp. 117-120) .
Later work on the evolution of altruism has approximated the invasion condition by assuming that selection is weak (e.g. Taylor, 1992a; Frank, 1998) , which for instance occurs when difference in fitness between competing types is small (Nagylaki, 1992; Wild & Traulsen, 2007) . Instead of having to track the full mutant distribution, studies that assume weak selection only need to evaluate the first and second moment of this distribution. Despite this simplification, the weak selection approximation still captures frequency-dependent interactions and the effect of local genetic drift using relatedness coefficients between patch members, which are conveniently calculated in the absence of selection (i.e. 'pedigree' or 'neutral' relatedness, . Relatedness quantifies the kinship structure of the population and thus how much a mutant is more likely to interact with another mutant than with a randomly sampled type from the population. In the island model under haploid reproduction, relatedness is straightforwardly obtained as the probability that a pair of homologous genes sampled in different individuals from the same patch are identical-by-descent.
By opening the door to tractable analysis of selection on social behaviour, the weak selection approximation has allowed for the study of altruism evolution in patch structured populations under considerably more realistic scenarios. This has led to an extensive and consistent analytical literature disentangling the role of various demographic, ecological, environmental, behavioural and genetic features in the evolution of altruistic helping under limited dispersal (e.g. Aoki, 1982; Rogers, 1990; Taylor, 1992a,b; van Baalen & Rand, 1998; Frank, 1998; Taylor & Irwin, 2000; Lehmann & Perrin, 2002; Le Galliard et al., 2003; Gardner & West, 2006; Lehmann et al., 2006; Ohtsuki et al., 2006; Grafen, 2007a,b; Lehmann & Balloux, 2007; Lion & van Baalen, 2007; Rousset & Roze, 2007; Rousset & Roze, 2007; Alizon & Taylor, 2008; Johnstone & Cant, 2008; Sozou, 2009; Wild & Fernandes, 2009; Gardner, 2010; Lion & Gandon, 2010; Ohtsuki, 2010; Van Dyken, 2010; Akcay & Van Cleve, 2012; Bao & Wild, 2012; Johnstone et al., 2012; Kuijper & Johnstone, 2012; Ohtsuki, 2012; Rodrigues & Gardner, 2012; Taylor & Maciejewski, 2012; Van Dyken & Wade, 2012; Yeh & Gardner, 2012) . In general, conditions such as a low-dispersal probability, small patch size, overlapping generations or high reproductive variance, which increase relatedness between patch members and therefore the tendency for altruists to interact with other altruists, facilitate the evolution of altruism.
In spite of the significant number of studies using the weak selection approximation, it remains unclear how robust the approximation is against increased selection intensity. Analytical work assessing the accuracy of the approximation has been limited to well-mixed populations (i.e. no limited dispersal, Antal et al., 2009; Wu et al., 2013) and showed that its accuracy depends on the number of alleles present in the population. Under limited dispersal, the accuracy of the weak selection approximation has only been evaluated by individually based simulations for various social behaviours (e.g. Pen, 2000; Leturque & Rousset, 2002; Le Galliard et al., 2003; Roze & Rousset, 2003; Guillaume & Perrin, 2006; Lehmann et al., 2007b; Rousset & Roze, 2007; Lion & Gandon, 2010) , and it has shown that the approximation works well when the intensity of selection on a mutant is of the order of 10 À2 . However, no systematic analysis of how the condition for the spread of altruism varies with the selection intensity exists for structured populations.
To evaluate how sensitive the conclusions based on the weak selection approximation are to increased selection intensity, we study in this article the invasion condition of an altruistic mutant under various selection intensities. To that aim, we revisit the simplest demographic scenario for a patch structured population. We use the island model of dispersal but with a Moran, rather than a Wright-Fisher reproductive process, which allows us to characterize the invasion condition analytically for arbitrary selection strength. The rest of this article is organized as follows. First, we derive the general invasion condition of a mutant in the infinite island model of dispersal. Then, we compare the weak and strong selection regime for the spread of an altruistic mutant arising as a single copy. Finally, we discuss our results in connection with the broader literature on the evolution of altruism in patch structured populations.
Model

Biological assumptions
We model the spread of an allele in a structured population made up of an infinite number of patches, each of constant size N. The life cycle is as follows: (i) adult individuals interact socially with each other within patches and receive pay-offs from these interactions; (ii) each individual produces a very large number of offspring proportional to their pay-offs; (iii) each offspring either disperses to another patch with probability m or remains in its natal patch with complementary probability 1Àm; and (iv) on each patch, a randomly sampled adult dies and offspring compete for the vacated breeding spot. This life cycle corresponds to Wright's (1931) island model of dispersal with a Moran reproductive process (Ewens, 2004) .
Individuals are haploid, and two alleles segregate in the population, a mutant (A) and a resident (a). When an individual expresses the mutant allele, its pay-off obtained during social interactions is reduced by a fixed cost C, while the NÀ1 patch neighbours receive a benefit B. An individual expressing the resident allele pays no cost, but reaps the benefits produced by neighbouring mutants. Then, in a patch with i mutants, the pay-offs received by a mutant and by a resident, respectively, are
Invasion fitness
Whether an allele that has arisen in a single copy by mutation in a patch will invade or go extinct can be answered by evaluating the growth rate of the mutant lineage when rare in the population (Metz & Gyllenberg, 2001; Ajar, 2003) . We denote this quantity by q and call it the invasion fitness of the mutant allele. To derive q, we first observe that as the mutant is initially rare, no mutant can immigrate into the focal patch (the patch where the mutant has appeared). Therefore, the change in the number X(t) 2 {0,1,2,...,N} of mutants in the focal patch at time t, and descending from the founding mutant at t = 0 (X(0) = 1), can be described by a time homogeneous Markov chain, with transition probability denoted by p ij = Pr(X(t + 1) = j|X(t) = i). In the absence of mutant immigration and with m > 0, we have p 00 = 1, and extinction of the mutant lineage in the focal patch is the only absorbing state of the Markov chain.
We can obtain the growth rate of the mutant by first calculating the expected number of successful emigrant mutants that are produced in the focal patch in the time between the appearance of the mutant and the extinction of its lineage (Chesson, 1984; Metz & Gyllenberg, 2001; Ajar, 2003; Massol et al., 2009) . To do so, we denote by p t,i = Pr(X(t) = i) = ∑ k p ki Pr(X(t À 1) = k) the probability there are i mutants at time t, and by t i ¼ P 1 t ¼ 0 p t;i the mean number of time steps during which there are i mutants before lineage extinction, also called the sojourn time in state i. Then, with e i as the expected number of successful emigrants produced by a single mutant on the focal patch in which there are i mutants (and conditional on the rest of the population being monomorphic for the resident), invasion fitness is given by:
where the first term is the expected number of successful emigrants produced by the mutant lineage, from the origin of the founding mutant until the local extinction of the lineage (Chesson, 1984; Metz & Gyllenberg, 2001; Ajar, 2003; Massol et al., 2009) . The sign of invasion fitness, q, indicates the direction of selection on the mutant. In a monomorphic population, that is when the mutant has no phenotypic effect on fitness and there is no selection pressure acting upon it, q = 0. This can be seen from eqn (2) by considering that a lineage founded by a single individual, which eventually goes extinct locally, must produce on average one emigrant for the population size to remain constant (
. But a mutant lineage that produces on average more than one future emigrants, q > 0, will invade. Conversely, a mutant lineage that produces on average less than one future emigrants, q < 0, will die out.
In Appendix A, we show that invasion fitness of the mutant can be equivalently expressed as:
where w i is the fitness of a mutant carrier (the expected total number of adult offspring produced by a mutant carrier) when there are i mutants in the focal patch. Individual fitness is given by the sum of the expected number of adult offspring that successfully emigrate (e i ), with those that successfully establish in the focal patch, i.e. the philopatric component of fitness, that we write / i :
Equation (3) turns out to be sometimes more practical than the one given by eqn (3) to evaluate invasion fitness explicitly. In addition, eqn (3) shows immediately that in the absence of selection, that is when each individual has the same fitness (w i = 1), the invasion fitness reduces to q = 0. This result had so far only been reached numerically (Metz & Gyllenberg, 2001, p. 502) , or for the Wright-Fisher process by involved computations (Ajar, 2003, eq. 34) .
Fitness
To derive the invasion fitness of the altruistic mutant (eqn 4), we first calculate the components of individual fitness, / i and e i (eqn 5). To do so, we write the relative number of offspring produced by a mutant and a resident in a patch with i mutants, respectively, as
where d 2 [0,1] is a parameter that tunes the strength of selection, that is the extent to which pay-offs affect reproductive output. Then, for a Moran process, we have:
in agreement with standard expressions for fitness in the island model (e.g. Gandon, 1999) .
Local distribution of mutants
To compute q (eqn 3), we also need to calculate the sojourn time t i in state i, that is in our model, the expected number of generations during which i altruists are present. This is found by considering the Markov chain that describes local lineage size X(t). As reproduction follows a Moran process, the associated Markov chain describes a so-called birth-death process (e.g. Karlin & Taylor, 1975; Grimmett & Stirzaker, 2001) , whose transition probabilities are:
Standard results on birth-death processes (e.g. Ewens, 2004, eq. 2.160) show that when the initial state of the chain is X(0) = 1, t i is given by:
where, given our assumptions, the birth and death probabilities are given by:
With eqns (8)- (9), we have all the elements necessary to evaluate invasion fitness under a Moran process.
While it is possible to use eqns (2)-(3) to evaluate the invasion fitness for different demographic scenarios, computing the sojourn times t i will generally be much more complicated. Even for a simple Wright-Fisher model (where each individual on a patch dies after reproduction), finding out t i rapidly becomes computationally expensive with patch size N because all the transition probabilities p ij are nonzero, which means that calculating t i requires inverting a nonsparse N 9 N transient matrix (the transition matrix without the absorbing states). In contrast, most of the transitions probabilities are zero for the Moran process (eqn 7).
The transient matrix of the Markov chain in this case can easily be inverted, leading to eqn (8), which we use to compute the invasion fitness for arbitrary patch size.
Results
Weak selection
We first look at the condition for the spread of altruism when selection is weak. If individual fitness w i (eqn 4) is Taylor expanded around d = 0, we show in Appendix B that:
From eqn (10), the cost-to-benefit ratio C/B under which selection favours the spread of altruism (q > 0) must satisfy:
( Fig. 1) , which is consistent with previous results reached by assuming weak selection from the outset (eqn A-10 of Taylor & Irwin (2000) with s?1, eqn 8 of Lehmann et al. (2007a) for an infinite island model of dispersal). Eqn (11) displays the classical result that small patches and weak migration favour the spread of altruism (e.g. Eshel, 1972; Taylor & Irwin, 2000) . This occurs because in those cases, individuals within patches are related: they are more likely to carry homologous genes identical-by-descent from a common recent ancestor than are two individuals sampled at random from the population. For the altruistic allele, the common recent ancestor is the founder of the Fig. 1 Threshold cost-to-benefit ratio C/B under which selection favours altruism as a function of selection d. The other parameters are set at m = 0.1, N = 2 and C = 1. The dashed line corresponds to the weak selection approximation (eqn 11), while the full line corresponds to the exact invasion condition (eqn 13). The difference between these two curves gives the error e. mutant lineage. The right side of eqn (11) is a measure of relatedness that is here demographically scaled, taking into account local competition (e.g. Queller, 1994; Lehmann & Rousset, 2010) .
Strong selection
We now present the conditions for the invasion of altruism for arbitrary levels of selection d. We first consider the case where there are only two individuals per patch (N = 2) as this turns out to be fully tractable. Eqn (2) then reduces to q = e 1 /d 1 + (2e 2 b 1 )/(d 1 d 2 ) À1, and using eqns (1)- (9), invasion fitness reads:
In contrast to eqn (10), invasion fitness under strong selection (eqn 12) involves quadratic terms, and it is no longer possible to evaluate the invasion condition simply in terms of the cost-to-benefit ratio C/B. We therefore present results with the value C = 1, which is the maximum cost that can be impaired on an individual in the absence of benefits and corresponds to the most restrictive condition for altruism to invade. In the absence of benefits conferred by other patch members, an individual has zero fitness if selection is maximal
, that is the individual commits self-sacrifice with probability one. The conservative value C = 1 generates the greatest difference between the strong and weak selection regimes, but we note here that all our results below still hold when C < 1.
For an arbitrary intensity of selection, altruism spreads if: (13) is zero, and therefore, altruism can never spread when rare. This is not surprising as in this case, a single mutant individual has zero fecundity and so the mutant lineage goes extinct after the first round of reproduction. It is therefore impossible for relatedness to build up due to local genetic drift.
As shown in Figs 1 and 2a , inference made about the invasion of altruism based on the weak selection approximation is robust to reasonable changes in d. We can gain quantitative insight into this robustness by considering the difference between the invasion condition under weak (eqn 11) and strong selection (eqn 13): 
which can be thought of as the error associated with using the weak selection approximation (Fig. 1) . This error satisfies:
So, the error converges to zero at least as fast as d 2 does (O(d 2 )). Furthermore, eqn (15) and Fig. 2a reveal the weak selection approximation is increasingly robust to increases in d as migration increases. In particular, if migration is significantly larger than the intensity of selection (m ≫ d), then the error is very small for all selection intensities d (Fig. 2a) . This can be understood by observing that when migration is large, demographic effects on allele frequency change balance with those of strong selection, and therefore, the overall effects of selection remain weak.
The condition that m ≫ d and its consequences on demography have been useful to develop approximations of evolutionary processes under limited dispersal. If in addition to m ≫ d, selection intensity becomes vanishingly small (d?0), then the evolutionary dynamics can be approximated by the so-called quasi-equilibrium approximation (QE, Roze & Rousset, 2008) , which assumes that genetic associations due to demographic factors go to equilibrium before those due to selective factors. Notably, the QE approximation is implicitly used in the application of the 'direct fitness method' (Taylor & Frank, 1996) , and underpins most of the literature cited in the introduction. When the population is finite, the QE approximation can be refined to the diffusion approximation under limited dispersal (Roze & Rousset, 2003) . The diffusion approximation is particularly useful to derive detailed information about the segregation process, like the fixation probability or the expected time to fixation, and it has been shown by simulations to be accurate when selection is of the order 10 À2 (and m > 10
À2
, Roze & Rousset, 2003) . Here, we have seen that if one is interested only in the invasion condition of the mutant allele, then using the weak selection, approximation generates correct results when m ≫ d, even if the selection intensity is very strong (Fig. 2a) .
For arbitrary patch size N and strong selection, the invasion fitness of the mutant q can be expressed in terms of hypergeometric functions, which do not lead to a simple expression for invasion fitness. We therefore evaluate numerically the threshold value for 1/B under which altruism can invade (assuming that C = 1) and compute the difference between this threshold and the one found under weak selection (eqn 11), giving the error e. Fig. 2b shows that for all values of N, the threshold value for 1/B decreases slowly relative to that found under weak selection as d increases. In addition, we find that the error in using the weak selection approximation decreases markedly with increases in population size (Fig. 2b) . Hence, the maximum error in using the weak selection approximation for all N ≥ 2 is also given by eqn(1).
Altogether, we find that the invasion condition is less sensitive to increases in selection intensity (d) when groups are large and migration is strong (Fig. 2a,b) , although the effect of migration on the accuracy of the weak selection approximation vanishes as patch size increases (Fig. 2c) . The effects of patch size and migration stem from the fact that in larger groups or when migration is strong, the total effect of local genetic drift decreases. As a result, the invasion fitness of an altruistic allele becomes less sensitive to variation in the selection intensity. However, it should be noted that the spread of the altruistic mutant still relies on genetic drift to initially build up relatedness, and therefore, the probability of its invasion decreases with patch size and migration.
Discussion
The weak selection approximation of population genetics (e.g. Nagylaki, 1992) has allowed for a significant progress in delineating the role of various environmental and demographic factors in the evolution of altruistic helping under limited dispersal (e.g. Lehmann & Rousset, 2010 for a review). Yet, the reliability of the conclusions based on weak selection approximations in the face of increased selection pressure had so far not been investigated in a systematic manner for structured populations. To gain insight into the robustness of the weak selection approximation, we derived the invasion fitness of an altruistic mutant in the infinite island model of dispersal. We modelled reproduction as a Moran process, unlike previous work with arbitrary selection strength, which had used a Wright-Fisher process (Eshel, 1972; Aoki, 1982; Motro, 1982; Wild & Fernandes, 2009 ). This allowed us to derive fully tractable equations for the invasion fitness (e.g. eqn 12). We then compared analytically the invasion condition found under weak selection (eqn 11) with that found under arbitrary strength of selection (eqn 13).
We find that when selection is so strong that a carrier of the altruistic mutant allele has zero fitness in the absence of any other altruist (d = 1, C = 1), an initial mutant allele can never spread as it is immediately driven to extinction after one episode of reproduction (eqn 13). If this result is hardly surprising, it highlights that for altruism to spread under limited dispersal, selection must be sufficiently weak for a local cluster of mutants to build up under the action of local genetic drift. In other words, relatedness must accumulate at the altruistic locus as a result of stochastic sampling within the patch where the initial mutant appeared. Only then can favourable mutant-mutant interactions occur and the mutant be picked up by positive selection.
The weak selection approximation under limited dispersal quantifies the role of genetic drift through the probability that homologous genes sampled in different individuals within the same patch are identical-by-descent in the absence of selection (d = 0, e.g. . This means that genetic drift is allowed to play its maximal role in building up relatedness between patch members. To evaluate the level of relatedness that favours altruism under stronger selection requires considering the effects of selection on the probabilities of identity-by-descent. Yet, simulations have shown that using neutral probabilities of identity-by-descent in invasion fitness provides a good approximation when the selection intensity is of the order d = 0.01 , and even up to d = 0.2 (Lehmann et al., 2007b; Rousset & Roze, 2007) in certain scenarios.
Our analysis gives formal support to the observation that the weak selection approximation is robust to moderate increases in selection intensity (eqn 15, Figs 1 and 2a,b) and sheds lights on the effects of patch size and migration on the validity of this approximation. When patches are very small, then the error associated with weak selection can be significant, unless migration is strong. In particular, the error becomes vanishingly small when migration is substantially larger than selection (m ≫ d, Fig. 2a ). As patch size increases, the error diminishes (Fig. 2b) and becomes largely independent of the migration rate (Fig. 2c) . Therefore, unless the initial mutant produces no offspring at all (d = 1, C = 1), in which case local genetic drift cannot favour the emergence altruism, the spread of altruism is accurately predicted by the weak selection approximation under strong selection when either migration is substantially larger than selection (m ≫ d) or patches are large (N ≫ 1).
The model presented in this paper also illustrates that weak selection provides the most favourable conditions for the spread of altruism. This means that if the weak selection approximation predicts that altruism will not spread under certain conditions, for instance when kin competition exactly cancels out the kin selected benefits of altruism (Taylor, 1992a,b) , it is very unlikely that increasing the intensity of selection will revert that result. This should also apply to cultural evolution where genetic drift is replaced by sampling effects occurring during social transmission (cultural drift, Cavalli-Sforza & Feldman, 1981) . In Appendix C, we provide an example where the selection for cultural altruism vanishes under the weak selection approximation and show that this also holds under strong selection.
Furthermore, we expect that using the weak selection, approximation will also generate the conditions that are most favourable for the emergence of altruism under more complex demographic scenarios than the one presented here. Regardless of the underlying demographic process, whether it is Moran, Wright-Fisher or more realistic, the invasion of an altruistic mutant initially relies on genetic drift being able to build up relatedness in the face of negative selection, in order for a sufficient number of favourable mutant-mutant interactions to occur. As its name suggests, selection is at its weakest against genetic drift under the weak selection approximation. Therefore, like in our model, increasing selection pressure should generally disfavour the evolution of altruism, including in models with different sexes, various mating mechanisms or local demographic fluctuations with our parameter N now thought of as the local effective population size. Under isolation by distance, for example, simulations have shown that if the precise effect of selection strength is contingent on population structure, this structure becomes less important as selection strength increases and altruism is effectively counter selected (Szab o et al., 2005; Segbreck et al., 2011; Pinheiro et al., 2012) .
The model we have used is a deliberately simple one, capturing the broad features of selection on a trait resulting in fecundity and/or survival altruism. Yet, our results and previous work carried out for well-mixed populations can be used to infer on the robustness of the weak selection approximation for other altruistic traits, like dispersal, or more generally social traits under limited dispersal. It has been found that when only two alleles coding for a social behaviour segregate in a well-mixed population, and they mutate from one to another, selection intensity has no bearings on the conditions for one allele to be more frequent than the other (Antal et al., 2009) . This result and our model suggest that whatever the trait under scrutiny, if variability in the trait is due to the presence of only two alleles, then the weak selection approximation should still be efficient in predicting the direction of selection under limited dispersal when selection is strong -as long as migration is strong relative to selection or patch size is large.
However, it has also been shown that if there is a greater number of alleles present in a well-mixed population, then the ranking order of different alleles more often than not switches between the weak and strong selection modes (Wu et al., 2013) . This suggests that with more than two alleles segregating, the weak selection approximation may fail to predict the evolutionary outcome when selection is strong under limited dispersal. Nevertheless, as illustrated by the examples in Wu et al. (2013) 's study, we still expect that altruistic behaviour will be favoured under weak selection and disfavoured under strong selection in this case.
In summary, the weak selection approximation has been pivotal in understanding the selective pressure on altruistic traits, and more generally, on social behaviours.
We found that this approximation is robust to increases in selection intensity, especially when migration is greater than selection or when patches are large. In addition, we have highlighted that if it has any effect, increasing the selection intensity will tend to hinder the invasion of altruism. By simultaneously simplifying analysis and laying the best possible ground for the emergence of altruism, the weak selection approach to social evolution should not fail to detect whether altruism is selected under realistic environmental and demographic scenarios.
is the expected number of successful offspring of the initial mutant that establish locally, 1 þ P N i ¼ 1 / i i t i is the total size of the local mutant lineage (with 1 accounting for the initial mutant). But P N i ¼ 1 i t i is by definition the total size of the local mutant lineage, therefore 1 þ
Appendix B
Here, we derive eqn (10). Substituting eqn (1) into eqn (5) and in turn into eqn (6) gives the necessary components to express individual fitness w i (eqn 4) in terms of pay-off. Then, performing a first order Taylor series expansion around d = 0 on individual fitness, and substituting it into (8) gives for invasion fitness
where the superscript ∘ in t i is used to indicate that the sojourn time in state i is evaluated under neutrality (d = 0). This is sufficient because any effect of selection on t i will only result in second order effects of selection on q. The neutral sojourn time t i is found using eqn (8), but with neutral birth and death rates
With this, we find that:
where R is the probability two distinct individuals randomly sampled on the same patch carry an homologous gene identical-by-descent, and R satisfies the recursion:
Equation (B-2) gives the analogue of the moments obtained under the Wright-Fisher process (Ajar, 2003, eqns 34-36) for the Moran process. Using eqn (B-2), along with the identity
, gives for eqn (B-1):
(B-4) which after substituting for R using eqn (B-3) produces eqn (10) of the main text. Eqn (B-4) takes the same form as the usual selection gradient computed with the quasi-equilibrium approach (e.g. Ajar 2003; .
Appendix C
Here, we analyse the spread of an altruistic mutant that is transmitted culturally by social learning (CavalliSforza & Feldman, 1981; Boyd & Richerson, 1985) . As before, the population is made up of an infinite number of patches, each of constant size N. The life cycle can be decomposed into two steps. In the first step, individuals interact socially with each other within patches and receive pay-offs from these interactions. There are two cultural strategies, or variants, in the population, a resident a and an altruistic mutant A. As before, an individual that adopts the mutant strategy sees its pay-off decrease by a cost C while its neighbours receive a benefit B. The resident, meanwhile, pays no cost. Therefore, the pay-offs received by a mutant and a resident in a patch with i mutants are also given by eqn (1). In the second step, an individual from each patch updates its strategy by social learning. Namely, a randomly sampled individual within each patch revises its strategy according to its pay-off and the pay-offs of other individuals. Strategy revision is performed by social learning through pay-off-based imitation (Boyd & Richerson, 1985; Schlag, 1998) . With probability 1 À m, an individual chooses an individual at random, including itself, in its own patch and adopts the exemplar's variant as a function of exemplar's pay-off. With complementary probability m, the individual chooses an exemplar individual at random in another patch and again adopts its variant as a function of the exemplar's pay-off.
Choice and pay-off are related by a logit choice rule (e.g. Sandholm, 2011) , whereby, conditional on revising its strategy locally, an individual in a patch with i mutants adopts the mutant variant with probability:
i N exp dp A;i À Á i N exp dp A;i
and with complementary probability, it adopts the resident variant. Hence, when an individual updates its action, it chooses an exemplar mutant with probability i/N and imitates him with a probability proportional to the weight exp (dp A,i ). Similarly, it chooses an exemplar resident with probability (N À i)/N and imitates him with a probability proportional to the weight exp (dp a,i ). The logit choice rule is a standard way to model selective choice among different alternatives (e.g. Luce, 1959; Anderson et al., 1992; Fudenberg & Levine, 1998; Arbilly et al., 2010) . The parameter d in eqn (C-1) measures the sensitivity of choice to pay-off. When d?0, choice does not depend on pay-off and is proportional on the frequency of variants, while when d increases, actions with higher pay-offs are more likely to be chosen. Hence, d is a measure of the intensity of selection for cultural transmission.
Invasion fitness
To derive the invasion fitness of the mutant cultural variant, we note that the assumptions behind our development of q (eqn 3) do not restrict the variants to being genetically determined and that we can in fact use it for variants that are culturally transmitted. Under social learning, fitness w i is the expected number of individuals that will learn the cultural variant from a focal mutant in a group with i mutants. It can again be decomposed into two terms, w i = / i + e i , where / i is the expected number of individuals in the focal patch that adopt the variant from the focal mutant and e i is the expected number of individuals from other patches that adopt the focal's variant. With our imitative logit choice rule, the components of fitness w i are now
À mÞ exp dp A;i À Á i N exp dp A;i À Á þ N À i N exp dp a;i À Á e i ¼ m N exp dp A;i À Á exp dp a;0 À Á:
(C-2)
To compute the invasion condition q (eqn 3), we also need the sojourn time t i in state i (eqn 8). This depends on the birth and death probabilities associated with our imitative logit choice rule, which are:
À mÞ i N exp dp A;i À Á i N exp dp A;i À Á þ NÀi N exp dp a;i À Á
NÀi N exp dp a;i À Á i N exp dp A;i
À Á þ
NÀi N exp dp a;i À Áþ m " # : (C-3)
Weak selection
To obtain the weak selection approximation of the invasion fitness of the mutant, eqns (1) and (C-2)-(C-3) are substituted into the fitness w i (eqn 4), which is Taylor expanded to the first order around d = 0 and then substituted into eqn (3), giving Using eqn (B-2), we find that the invasion fitness reads:
(C-5)
Then, we note that in the absence of selection, the relatedness between two different individuals randomly sampled from the same patch is updated when an individual revises its strategy by copying a patch mate (with probability 1 À m), whom it copies with probability 1/N. So, eqn (B-3) also applies for the imitative logit choice rule.
Substituting eqn (B-3) into eqn (C-5) eventually gives:
Hence, unless the trait results in a direct pay-off benefit to the focal (C < 0), the mutant cannot evolve under social learning when the revision protocol follows the imitative logit choice rule and there is only one individual updating its trait per unit time step. This result had been obtained in a previous study (Lehmann et al., 2008, eqn 23-24) that studied the same model as here, but with the weights of the imitative protocol given directly by the pay-offs, rather than the exponential of the pay-offs (eqn C-1). In both cases, the updating process is the same when d?0, leading to the same invasion condition.
Strong selection
As with genetic transmission, we start by considering the case with N = 2 as this is fully tractable for arbitrary levels of selection. To calculate the invasion fitness in this case, it turns out to be more practical to use expression eqn (2). We substitute eqns (1) and (C-2)-(C-3), eqn (8) into eqn (2) with N = 2 to give:
For d > 0, the numerator of eqn (C-7) is positive for any values of B when altruism is costly C > 0. Therefore, as with the weak selection approximation (eqn C-6), we find that regardless of whether effects on patch neighbours are positive (helping behaviour, B > 0) or negative (harming behaviour, B < 0), a mutant that result in a reduction of the material pay-off of a focal individual is always evolutionary unstable. Numerical exploration for arbitrary patch size N shows the same qualitative trend as predicted by eqn (C-7). Namely, a mutant with C > 0 and that either helps or harms patch neighbours is selected against.
